Open charm contributions to the E1 transitions of ψ(3686) and ψ(3770) → γχ cJ The E1 transitions of ψ(3686) and ψ(3770) → γχcJ are investigated in a non-relativistic effective field theory (NREFT) where the open charm effects are included systematically as the leading corrections. It also allows a self-consistent inclusion of the S-D mixing in the same framework. We are able to show that the open charm contributions are essential for understanding the rather unexpected discrepancies between the non-relativistic leading order calculations and the experimental data for these two low-lying states. [8], the non-DD decay of ψ(3770) can be strongly affected by the intermediated D-meson loops via the rescattering process. This turns out to be a natural explanation for this decay and has implications on various processes that can be tested explicitly in experiment. In Refs. [9, 10] the open threshold effects on the spectrum were partially considered.
in the transition amplitude with v denoting the typical non-relativistic velocity of the intermediate charmed mesons, can be regarded as relativistic corrections to the charm quark potential [9] .
Since ψ ′ and ψ ′′ both are close to the mass threshold of DD, it is natural to expect that the large couplings of these two states to the DD channel will allow us to recognize the open charm effects and investigate their impact on the decay modes of these two states. Also, the small momentum carried by the intermediate charmed mesons allows for the application of the NREFT to the heavy meson loops. It should be noted that since the couplings for ψ ′ and ψ ′′ to the open charm channels are via P -wave, the self-energy corrections from the charmed meson loops are expected to be small and they can be absorbed into the physical masses adopted in the calculation. However, the threshold effects may still have significant impact on their decays [8] . This may appear in exclusive decays and the E1 transitions of ψ ′ , ψ ′′ → γχ cJ are ideal for probing this mechanism. In this work we will describe the radiative E1 transitions of ψ ′ and ψ ′′ by a leading contact interaction that obeys the HQSS. This term will mimic the leading order results from the non-relativistic quark model calculations. Then, three subleading contributions will be introduced by the open charm effects. First, due to the proximity to each other and to the DD threshold these two vector states can arise from mixing of the quark model states ψ(2S) and ψ(1D) via charmed meson loops. Secondly, the photon can arise from the couplings of ψ ′ or ψ ′′ to DD when gauging the derivative term in the couplings where DD couple to χ cJ . Thirdly, the transitions can be mediated by intermediate triangle D-meson loops where the photon will be radiated by intermediate D-mesons. All four contributions can be included self-consistently in the NREFT.
In the following we first present the NREFT framework in Sec. II. The results are discussed in Sec. III and a brief summary is given in the last section.
II. FRAMEWORK
The E1 transitions of ψ ′ and ψ ′′ to the leading meson loop corrections can be illustrated by Fig. 1 . The tree-level diagram of Fig. 1 (a) represents the leading E1 transition amplitude that can be compared with the potential quark model calculations. The open charm effects can contribute as corrections to the leading tree-level amplitude via either the state mixing ( Fig. 1 (b) ), the term from gauging the couplings of ψ ′ or ψ ′′ to DD (Fig. 1 (c) ) or the intermediate triangle meson loop transitions ( Fig. 1 (d) ).
In this section we will introduce the interaction Lagrangians necessary to describe the leading and next-to-leading order processes for the E1 transitions of ψ ′ and ψ ′′ . We begin with the initial S-and D-wave charmonia which are given by [14] 
where ψ S and ψ D annihilate ψ ′ and ψ ′′ , respectively. Note that for simplicity we have omitted the spin partners η c and η c2 which are irrelevant to this work. The same holds for the h c in the case of the P -wave charmonia which are collected in the following multiplet [15] :
As mentioned before the leading contributions to the E1 transitions are given by the contact interactions
where we leave the couplings g SP γ and g DP γ to be determined from experiment. To study the subleading contributions via charmed meson loops we need to introduce heavy meson multiplet consisting of pseudoscalar P a and vector V a mesons. The corresponding fields for the charmed (H a ) and anti-charmed meson (H a ) are written as the following, respectively,
where a is the SU(3) flavor index and
). These fields and their interactions have been studied in detail in Refs. [14] [15] [16] .
We start with the S-wave charmonium ψ ′ . The coupling to a pair of charmed mesons is in a relative P -wave and given by where
The coupling constant g 2 can not be determined directly in experiment so we adopt it from Ref. [17] . There, it was determined by a fit of the lineshape of e + e − → DD at the mass of ψ ′′ . It was shown that the interference from the ψ ′ accounted for the anomalous lineshape and provided a reliable constraint on the coupling constant g 2 . Note that because of the non-relativistic normalization in the NREFT our coupling differs by a factor m D √ m ψ ′ and reads g 2 = (−1.90 ± 1.09) GeV −3/2 . The coupling for the first D-wave charmonium ψ ′′ to DD is given by
where the coupling constant can be easily extracted from experiment. Using the value quoted in PDG [18] , Γ Exp (ψ ′′ → DD) = (25.3 ± 2.9) MeV, we can determine g 3 = (2.80 ± 0.15) GeV −3/2 . It should be noted that the couplings g 2 and g 3 are extracted from experimental data. Thus, they have already been the "dressed" couplings. Since the vertices involve P -wave interactions and the loop corrections are perturbative in comparison with the tree amplitudes, the vertex renormalization is expected to be insignificant. For the one loop contributions to the amplitudes it is acceptable to adopt those extracted values for g 2 and g 3 as the leading approximation. This will also reduce the number of free parameters in the formulation.
Finally, we need to consider the coupling of the χ cJ multiplet to a pair of charmed mesons:
where the parameter g 1 will be determined by the numerical fit. The QCD sum rule analysis has given a prediction in Ref. [19] which is g 1 = −4.18 GeV −1/2 . In order to calculate the diagrams depicted in Fig. 1(d) , we still need to describe the photon coupling to the charmed meson pair. The corresponding electronic and magnetic Lagrangian for the photon coupling to the S-wave charmed mesons reads [20] 
where Q H is the matrix containing the charge fractions of the heavy mesons, B i = ǫ ijk ∂ j A k is the magnetic field and e is the electric charge. The light and heavy quark charge fractions are given by Q = diag (2/3, −1/3, −1/3) and Q ′ = 2/3, respectively. The parameter β can be related to the light constituent quark mass via β = 1/m q . Further, we adopt the values of the light and heavy quark masses m q = 356 MeV and m Q = 1.5 GeV from Ref. [20] in the calculation.
III. RESULTS AND DISCUSSION
Using the Lagrangians and couplings introduced in the previous section, we are now ready to calculate the partial decay widths for the six channels ψ ′ , ψ ′′ → γχ cJ . The possible processes are shown in Fig. 1 . Each channel includes the tree-level E1 transition, state mixing between ψ ′ and ψ ′′ , electromagnetic (EM) contact term, and the meson loop transition via the triangle loops, where the last two terms are given by gauging the charged strong coupling via the EM minimal substitution. The total transition amplitude can be expressed as
where the amplitude M tree can be extracted directly from the Lagrangian in Eq. (3) while M mixing , M gauging and M triangle will be given by the mixing, contact gauging term and triangle loops, respectively. A relative phase factor exp(iδ) between the tree and loop amplitudes seems to be necessary here. It can be interpreted as hadronic effects arising from the fact that the hadrons are not point-like fundamental particles and it also indicates the breaking of the HQSS in the charmonium system. Therefore, at least one phase angle can be introduced between the tree and loop amplitudes as a free parameter. In fact, if we require that these three loop transitions share the same phase angle with respect to the tree amplitude, the relative signs between the coupling constants will be fixed. For the mixing amplitudes of Fig. 1 (b) and the EM gauging amplitudes of Fig. 1 (c) the loop integral is divergent. For the triangle amplitudes with electronic photon couplings to the S-wave charmed mesons, the loop integral is also divergent because of the two P -wave couplings of the ψ and photon. Thus, we introduce an overall exponential form factor
where l denotes the three-momentum of the charmed meson in the center-of-mass (c.m.) frame of the charmonium system. This form factor arises from the typical two-body quark wave function convolutions in meson radiative transitions and the effective range of Λ about 1 GeV corresponds to the typical size of hadrons. In the numerical calculations we take a range of Λ = 0.8 ∼ 1.2 GeV as a test of the sensitivity of the loop corrections to the cut-off energy. The detailed calculation of the loop integrals can be found in App. A.
For the charmed meson loops we will consider the SU(2) and SU (3) flavor symmetry for the light quark degrees of freedom independently to study the effects of including charmed-strange mesons in the calculation. This means in the SU (2) and their charge conjugations will be included. The amplitudes for all channels are listed in detail in App. B.
The calculation leaves us with a total of four free parameters, namely, two coupling constants from the leading E1 transition defined in Eq. (3), the coupling of the χ cJ multiplet to a pair of charmed mesons g 1 , and the phase angle δ defined in Eq. (10) . These parameters will be determined by fitting the experimental data for ψ ′ and ψ ′′ → γχ cJ [18, 21, 22] . We found several reasonable fits with form factor parameter Λ within the region of 0.8-1.2 GeV for channels of ψ ′′ → γχ c0,1,2 and ψ ′ → γχ c0,1 . We cannot include the channel of ψ ′ → γχ c2 to obtain an improved fit. Since the data are poor for this channel we expect that more precise measurement of this channel will provide a test of our scenario in the future. In this sense our results for this channel can be regarded as a rough prediction. The results for the best fits in these two approaches are listed in Table I with the reduced χ 2 varying in the range of 0.66-1.95 for different Λ values. We should note that the couplings for ψ ′ and ψ ′′ to DD, i.e. g 2 and g 3 , have opposite signs which is well established by the study of the cross section lineshapes of e + e − → DD [17, 25] . If we further require that these two transitions share the same phase angle δ the best fitting turns out to favor all positive sign for the tree-level couplings and the χ cJ multiplet to DD coupling g 1 . Actually, these three fitted couplings could also be all negative to meet the result of g 1 in Ref. [19] . It will only add an overall negative sign to all amplitudes. In both SU(2) and SU(3) schemes it shows destructive interferences between the loop and tree amplitudes in ψ ′′ → γχ c0/1/2 channels and constructive interferences in ψ ′ → γχ c0/1/2 which will be discussed later. In the best fits the parameter g 1 is found to be varying in the range of 2.12 − 5.38 GeV −1/2 which is compatible with that determined in Ref. [19] . Notice that this quantity still has large uncertainties as pointed out in Ref. [19] . We still regard the fitted values as reasonable. All the fitted parameters are listed in Table I for the SU(2) and SU(3) scheme, respectively.
The best fitted partial widths in the SU(2) and SU(3) schemes are listed in Table II . The results are compared to three particular model calculations, i.e. Cornell model [9] , non-relativistic quark model (NR), and relativized quark model [11] , as well as to experimental data from PDG [18, 22] and recent measurement by BESIII [21] . It shows that the non-relativistic quark model gives rather large partial widths for the E1 transitions ψ ′′ → γχ cJ , nearly twice the experimental values. The Cornell model also over-shoots the data quite significantly while only the relativized Godfrey-Isgur model appears to have some agreement with the data. Our model can fit well these five channels, i.e. ψ ′′ → γχ c0,1,2 and ψ ′ → γχ c0,1 , in both SU(2) and SU(3) scheme which hints an insignificant role played by the charmed-strange meson loops. For the channel of ψ ′ → γχ c2 , as mentioned before, we take our result as a prediction for future measurement which will be more precise.
To better understand our results we compare the exclusive contributions from those different transition processes in Fig. 1 with Λ = 1.0GeV. Thus, we list the partial widths from those exclusive processes in Table III for both SU(2) and SU(3) scheme, respectively, and once again the results for the full calculations are shown as a comparison. For both schemes the tree-level transitions are dominant as expected and in channels of ψ ′′ → γχ cJ they can be compared with the non-relativistic quark model calculations since the loops give destructive inferences. In channels of ψ ′ → γχ cJ they are smaller compared with the non-relativistic quark model calculations since the loops give constructive inferences while the quark model calculations already give larger results than the experimental data. In the NREFT scenario the effective coupling determined at tree level can be regarded equivalent to the combined coupling strength from the wave function overlap and spin-flavor factors in the non-relativistic quark model. But it should be noted that in our NREFT formulation the mixing and triangle loop processes serve as important corrections to the leading nonrelativistic results which is different from the relativistic corrections introduced in the relativized quark model [11] . In 
the latter the relativistic corrections are considered by the Lorentz boost factor for the constituent quarks. Here, the corrections arise from the intermediate charmed meson degrees of freedom which suggests that virtual states involving creations of light quark pairs from vacuum are essential. Especially, such a mechanism becomes important when the threshold of the intermediate mesons is close to the mass of the coupled state. From Table III one can see that the triangle loop and the EM gauging process have larger corrections than the mixing process. This is a further indication for the necessity of including the meson loop transitions as leading corrections to the E1 transitions. The correction from the mixing terms can be regarded as kind of wave function corrections if we compare it with the quark model approach. But the triangle loop and the EM gauging term represent a different mechanism compared to the quark model picture and mimic the unquenched effects that have not been included in the constituent quark model. An interesting consequence is that the static properties of both ψ ′ and ψ ′′ will not be affected significantly by the meson loops, for instance, their masses and total widths, etc. However, their decay modes can recognize the effects arising from the loop transitions. This explains the success of the non-relativistic quark model in the description of the charmonium spectrum near the DD threshold. But significant discrepancies between the theoretical calculations and experimental data were found even for the E1 transition calculations.
We should mention that our calculations give better results than non-relativistic quark models in most channels except for ψ ′ → γχ c2 . Note that the PDG averaged value for ψ ′ → γχ c2 is based on several measurements [18] among which significant discrepancies can be seen. This may explain that it is hard to accommodate the ψ ′ → γχ c2 channel in the numerical fitting. We anticipate that more precise measurement of ψ ′ → γχ cJ will be able to provide more stringent constraints on our model parameters and also examine our scenario in the future.
In Table III the SU(3) scheme is presented with (left column) and without (right column) contributions from the charmed-strange meson loops with the parameters fixed in the fitting. Although the charmed-strange meson loop can bring some changes to the parameters listed in Table I , it is consistent to be small due to the relatively larger mass of the D sD * s + c.c. threshold. We can further investigate the mixing term and extract the mixing angle between ψ ′ and ψ ′′ . For the mixing process of Fig. 2 we first define the mixing parameter |ξ| [23] [24] [25] ,
where D ψ ′ ψ ′′ is the mixing term via heavy meson loop and
is the denominator for the propagator of ψ ′ or ψ ′′ . Both of them depend on the initial energy s. In our calculation, it is convenient to extract |ξ| by just taking the ratio of the amplitude of the mixing diagram Fig. 1(b) for ψ ′′ (ψ ′ ) and the amplitude of the tree diagram Fig. 1(a) for ψ ′ (ψ ′′ ):
So the mixing parameter |ξ ψ ′ (s)| at √ s = m ψ ′′ = 3.773 GeV can be related to the ψ(2S) − ψ(1D) state mixing angle via |ξ ψ ′ (s)| ≈ |sinθ ψ ′ | [26] in which we find θ ψ ′ ≈ 8.1
• in SU(2) scheme. This value is consistent with those extracted in Refs. [25, 26] . In the same way we find θ ψ ′′ ≈ 2.4
• at √ s = m ψ ′ = 3.686 GeV, which should be useful for further studies of issues related to the "ρ-π puzzle" (see Ref. [27] for a recent review of this topic).
IV. SUMMARY
We present a detailed study of the E1 transitions for ψ ′ and ψ ′′ → γχ cJ in the NREFT where the subleading corrections arising from the charmed meson loops are consistently taken into account in the same framework. We find that the intermediate meson loops play an important role by introducing destructive interferences that in most channels bring down the leading contributions from the tree-level transitions. This special mechanism actually accounts for unquenched effects that have not been included in the constituent quark model. We emphasize that the open charm contribution from the triangle processes appears to be a general phenomenon that has brought a lot of interesting insights into the understanding of recent "XYZ" states. Meanwhile, as we have shown in this work, it can also produce sizable effects on processes where the dominant contribution is from the potential quark model. We expect that further precise measurement of ψ ′′ → γχ c2 at BESIII and Belle-II will help clarify the underlying dynamics.
Three kinds of triangle loop integrals are defined as:
where P = (M, 0) in the rest frame of the initial particle. Since q is the 4-momentum of the photon in this work, we can set the 3-momentum direction of it to be along z-axis. Then q = (q z , 0, 0, q z ) and
Λe
where k = 2µ(M − m 1 − m 2 ) and µ ij is the reduced mass of the intermediate particles which are labeled as i and j. The error function and the imaginary error function are defined as
For the triangle integral, we transform them to be the integral of the Feynman parameter x then do the numerical integrals of x. For example:
where ∆ = x (c ′ − ax) + (1 − x) (c − iǫ). Here c ′ , a and c are defined as in Ref. [15] . With the same method we have 
Appendix B: Decay amplitudes
Using the Lagrangians introduced in Section II, the amplitudes for all mixing diagrams can be expressed as:
where 
where e is the unit charge. The amplitudes for all the triangle loop diagrams include electric and magnetic ones due to the different photon coupling. In Table IV 
